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MODULE -4
CENTROID OF PLANE FIGURES

Centroid of Plane Figures

Introduction and Applications of Centroid and Centre of gravity. Derivation of Centroid of
Rectangle, Triangle, Semicircle and Quarter circle using method of integration including
numerical problems on Centroid of composite figures (Ist Quadrant and without any
deductable areas)

Introduction to Centroid:

The centroid of a 2D plane figure is the point at which the entire area of the figure could be
balanced. It's the geometric centre or average position of all the individual points that make up
the shape. In the context of civil engineering, centroids play a critical role in analysing structures
and materials for their stability and distribution of forces

In engineering applications, particularly, calculating the centroid is essential for comprehending
how forces and loads are distributed in a building. Whether it's a massive bridge, a towering
skyscraper, or small beam, understanding the centroid concept lies a crucial role for ensuring
that the structures remain steady and reliable under the applied forces. By pinpointing the
centroid, engineers can make decisions about, load-bearing capacities, and overall structural
integrity of a building.
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Figure 1: Centroid of Irregular Plane figures
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CENTROI

Applications of Centroid Plane Figures

a) Structural Analysis: In designing bridges, buildings, and other structures, determining
the centroid is crucial for understanding load distribution, calculating moments, and ensuring
balanced support.

b) Hydrology: In hydrological studies, the centroid of a watershed can help determine the
average runoff direction and velocity.

c) Soil Mechanics: In geotechnical engineering, centroids are used to analyze pressure
distribution and stability of soil masses.

d) Transportation Engineering: In road design, centroids of cross-sections are used to
ensure proper drainage and balance of the roadway.

Centre of Gravity in Civil Engineering:

The center of gravity (CG) of an object is the point through which the entire weight of the object
acts due to the force of gravity. In civil engineering, the concept is significant for understanding
stability, equilibrium, and overall behaviour of structures.
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Figure 3: Centre of gravity

Applications of Centre of Gravity

a) Structural Stability: Engineers assess the centre of gravity of structures to ensure that they
remain stable and do not topple under various loads.
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b) Slope Stability: Determining the centre of gravity is vital in analysing the stability of slopes
and preventing landslides.

c¢) Retaining Wall Design: Centre of gravity is considered in retaining wall designs to prevent
tipping and maintain stability.

d)Load Balancing: Engineers consider centre of gravity in the design of equipment and
machinery to prevent tipping during operation or transport.

e) Structural Components: For columns, beams, and other elements, understanding the centre
of gravity is crucial for load distribution and equilibrium analysis

Terminology:

a) Centroid:

Centroid is the point where the whole area of the plane figure is assumed to be
concentrated. It is represented as “ G’.
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Figure. 4 Centroid of the plane figure.
b) Centre of gravity:

It is the point where the whole weight of the body is assumed to be concentrated. It
is the point on which the body can be balanced. It is the point through which the
weight of the body is assumed to act. This point is usually denoted by ‘C.G.” or ‘G’.

¢) Centroidal axis:

The axis which passes through the centroid of the given figure is known as centroidal
axis, such as the axis X -X and the axis Y -Y shown in Figure 5



MITE

MANGALORE INSTITUTE OF TECHNOLOGY & ENGINEERING
(A Unit of Rajalaxmi Education Trust®, Mangalore)
Autonomous Institute affiliated to VTU, Belagavi, Approved by AICTE, New Delhi
Accredited by NAAC with A+ Grade & ISO 9001:2015 Certified Institution

-

Kmmepmmmmmmme b e deea

iR

Figure.5 Centroidal axis

d) Axis of Reference:

These are the axes with respect to which the centroid of a given figure is determined

as shown in Figure 6.
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e) Symmetrical Axis

Figure. 6 Axis of Reference

It is the axis which divides the whole figure into equal parts, such as the axis X —
X and the axis Y — Y shown in Figure 7.
(a) For a figure which is symmetrical about both the axes, X = 0 and y = 0.

(b) For a figure which is symmetrical about the Y — Y axis, X = 0. Such a figure
which is symmetrical about the Y — Y axis is shown in Figure 8. The area on the
left-side of the Y — Y axis is equal to the area on the right side of the Y — Y axis.
(c) For a figure which is symmetrical about the X — X axis, y = 0. Such a figure
which is symmetrical about the X — X axis is shown in Figure 9.
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Figure 7: Symmetrical axis

Figure 8: Symmetry about the Y-Y axis.
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Figure 9: Symmetry about the x—x axis.
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For a figure which does not have any axis of symmetry, we calculate both x and y. Such a figure
which does not have any axis of symmetry is shown in Figure 10.

Figure 10: Neither the X—X axis nor the Y-Y axis is the axis of symmetry
Derivation of Centroid of Some Important Geometrical Figures
a) Rectangle
b) Triangle
¢) Semicircle
d) Quarter Circle

a) Rectangle:
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Figure.1.1 Rectangular lamina
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Let us consider a rectangular lamina of areab X das shown in figure 1.1. Now consider a
horizontal elementary strip of area b X dy, which is at a distance y from the reference axis AB.

Moment of area of elementary strip about AB=5b Xdy Xy

Sum of moments of such elementary strips about AB is given by

Lfbxd}-xy

12 d
2

RZ5

2
Moment of total area about AB = bd X y

Apply the principle of moments about AB,
b’ _

d
bdxy or y=—
2 yueITy

By considering a vertical strip, similarly, we can prove that

xX =

b
2
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b) Triangle: Consider a triangular lamina of area (1/2) x b x d as shown in figure 1.2

Figure 12. Triangular lamina

Now consider an elementary strip of area b, X dy which is at a distance y from the reference

axis AB.
Using the property of similar triangles, we have
h_d-y
b d
or by = d -y
d
Arca of the clementary strip=b, X dy = W
Moment of arca of elementary strip about AB
=areaXxy
_@-yb-dy-y
d
_bedy-d-y by'-dy
- d d
IZ " 1
by gy DAY
Yy - a) d

Sum of moments of such elementary strips is given by

d it
Lb}-‘-d}'—fﬂ%-dy
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Solutions

bd® bd®
2 3d
_bd®>  bd®
2 3
bd?
6

Moment of total area about AB = lbd Xy
Applying the principle of moments,

bd?

—=l><bd><
[§) 2
d
3

|

|

¢)Semicircle

2
Consider a semicircular lamina of area - as shown in Figure 1.3 . Now consider a triangular

elementary strip of area 2 X R X R x df at an angle of 6 from the x-axis, whose centre of gravity

. . 2 . o : 2
is at a distance of 3 R from O and its projection on the x-axis = (—JR cos 6.

-t

x \
= Elet
Rcos 6

L
¥

Figure 1.3. Semi-circular lamina
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Solutions

Moment of area of elementary strip about the y-axis = % XR2.df- (%)R cos 6

R’ -cos0-dO
3
Sum of moments of such elementary strips about the y-axis

m R

=" —cosf-de
-m2 3
N

R .
=T[sm a2,

Moment of total area about the y-axis

nR*
= XX
2
Using the principle of moments
2R nR* _ _
—— =— XX
3 2
3
_ 2R x2
X = 3
3Rm
_ 4R
or X=-
3n
d) Quarter circle
. . ; rR? 2
Consider a quarter circular lamina of area as shown s
in Figure 1 4. Consider a triangular elementary strip of
area % X R X R X df at an angle of 8 from the x-axis, Rdo
o . 2
whose centre of gravity is at a distance of 3 R from O and
) df
its projection on x-axis = 3 R cos 6. o B oy
Moment of area of elementary strip about the y-axis (2/3)
3 Rcos @
=2R cosBxlx Rz-a‘@:RLSHdﬂ Figure 1.4 Quarter
3 2 3 circular lamina.
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Sum of moments of such elementary strips about the y-axis

2R
:jﬂ —cos 8.4f
03

Moment of total area about the y-axis

TR _
=—3HxX

Using the principle of moments,
R_1R
3 4
4R’ X2
R'7

=

=l
I
1k

or

Similarly, we can prove that y = i_R .
T
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CENTROID FORMULAS OF SOME IMPORTANT GEOMETRICAL FIGURES
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CENTROID FORMULAS OF SOME IMPORTANT GEOMETRICAL FIGURES
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Solutions

3m ‘

_ R- 48
-2, (%)

Problems on Centroid
Tips to solve problems

1. The centroid always lies on the symmetrical axis.

2. Identify the symmetrical axes, if any. Chose them as the reference axes. If no
symmetrical axis is available, choose the left-hand bottom corner of the given figure

14
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as the origin so that the entire figure lies in the first quadrant (to avoid the negative
centroidal values).

Sub-divide the given figure into known geometrical shapes and identify their
individual centroids by denoting them with C; where i is the number of the sub-
divided shapes.

Enter the values in tabular columns as shown below:

Component

Area Centroidal distance Centroidal distance

(a) from y-axis ( x ) from x-axis (y) ax v

Sum

Xa Yax | Xay

5.

Indicate the calculations like enter the x X y values for area and then enter the result
(do not enter the result directly). For the centroidal distances, enter the equation with

the substituted numerical values like 3 + 4%5 etc. The areas are negative if hollow and
the centroidal values are negative if they are below the x-axis or left of the y-axis.

Zay

. _ 3z _
Compute the centroidal values as X = % and y = s

The centroidal value of a triangle is always grd the length from the base and %rd the
height from the apex.

The centroidal value of a semicircle is always measured as :—; from the base of the

semicircle (normal to base) or along the symmetrical axis.

15
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Solutions

Problem 1: Find the centroid of Figure A

Y
Yy | |
120 mm |
@ i | |l10 mm
1 JP
i
i
D @,- -—T----x
! 60 mm
- I -
X ! ¥
i
1
1N
o i
Y
Figure A
Solution
Component Area, a(mm?) Centroidal Centroidal ax ay
distance from distance from
y-axis (x) x-axis (v)
Rectangle | 120 % 10 = 1200 % =60 60 + % =65 72,000 78,000
120 60
Rectangle 2 10> 60 = 600 — =60 ? =30 36,000 18,000
Sum Za = 1800 108,000 96,000

¥, Y 10 mm
120 mm ———| |.—4|_
1 %
G @ |110 mm
120
Xy =—r 120
T2 =" ® 60 mm
¥y =60+ % Féz
Ya =%
o X o * X
(a) Rectangle 1 (b) Rectangle 2
X= Zax = 108,000 =60 mm
Za 1800
722 _26000 ;550
. Ta 1800

Ans.
The given figure is symmetrical about the y-axis, so ¥ can be directly written as 60 mm.

16
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Solutions

Problem 2: Find the centroid of Figure B

y v
3 i |
80 mm ”
b —x
@ : | 10 mm
I —
I
z) t—w mm
X-=-p====-= t=1-§----- X
: 40 mm
f—— X —— ! 1
i
|
I 3
® | 24 mm
Y .
o |
f«—25 mm
I
Y
Figure B
The given figure is symmetrical about the Y-¥ axis and hence we consider it as the reference
y-axis.
Solution
Component Area, a Ceniroidal distance from the x-axis (v} a ¥
Rectangle 1 10 x 80 = 800 24 + 40 + % =69 55,200
40
Rectangle 2 10 x40 = 400 24 + ? =d4 17,600
. 24
Rectangle 3 25 % 24 = 600 EY =12 7200
Sum Za= 1800 Zay = 80,000
V= E = M =dddd mm; ¥ = E =40 mm Ans.
© Za 1800 2
Y‘
y i
)
| 10 mm
T
X=-=1-@r--—-=4G-—=p---- =L,
i |
80 :'nrn *
a— ]
X = ﬂ !
T2 " ¥, =5+40+24=69
X
o x
(a) Rectangle 1 (b) Rectangle 2
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{c) Rectangle 3

Problem 3: Determine the centroid of Figure C

b4 Y,
}-—10[)'mm
)] E 20 mm
1
B &
h———— ¥ ——— —p:
H-—————- J,—G -———x-- 100 mm
20 mm ——y
=
@ i 20 mm
0 - - X
fe———150 mm ———
¥
Figure C
Solution
Component Area, a v ay
Rectangle 1 100 x 20 = 2000 20+ 100 + % =130 260,000
Rectangle 2 100 x 20 = 2000 20 + @ =70 140,000
Rectangle 3 150 x 20 = 3000 % =10 30,000
Sum Za =T7000 Eay = 430,000

==

Zay = 430,000 =61429mm; x= @ =75 mm
za 2

18
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Solutions

Problem 4 : Determine the centroid of Figure D

hoooy
— E!é mm—|-|
i O] __12 mm
10 mm — !
] |
1
) EEEY TR ---'r?-- -==X 128 mm
1
X 4= T
¥
1
i @ 10 mm
G X
I L_75 mm I
Y
Figure D
Component Area, a X v ax ay
6l 12
Rectangle |  60x 12=720 7=3U 10+ 128 + E =144 21,600 103,680
10 128
Rectangle 2 10 x 128 = 1280 o 5 10+ T =74 6400 94,720
10
Rectangle 3 10x 75 =750 1—5 =375 5 = 5 28,125 3750
Sum Ea =2750 Tax=56,125 Zay=202,150
z 56,125 )
X= e e 20409 mm; y= E = 202,150 =T73.509 mm Ans.
Ta 2750 " Ia
Problem 5: Determine the centroid of Figure E
¥
5
@ 4|_ ¥
i i
300 mm i i
i @ 1 @ 200 mm
1150 mm !
i i
(] 1
] 1
K 1 1 "

e}
50 mm 150 mm 100 mm
Figure E

19
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Solutions

Solution
Component Area, a v ¥ ax ay
50
Rectangle I 50 300 = 15,000 ? =125 E =150 375,000 2,250,000
Rectangle 2 150 = 150 =22500 50+ % =125 % =75 2,812,500 1,687,500
100
Rectangle 3 200 = 100 = 20,000 200 + T =250 — =100 5,000,000 2,000,000
Sum Za Zax Zay
= 57,500 =8, 187500 =15937.500
_  Zax 8,187,500 :
¥ =2 SO 301 mmy 5= 22 223050 _ 103561 mm Ans.
Za 57,500 ’ Za 57,500
Problem 6: Determine the centroid of Figure F
¥
¥
|
|
|
i
|
|
i
|
D I R L DR ---X
i
@ sl | ®
I
G}-—Bﬂ mm;'—-|~—80 mm—l-l o
|
¥
Figure F
Solution
Component Area, a X v ax ay
: 1 2 |
Triangle | E = 80 > 80 5 » 80 E » B0 170,665.6 85.334.4
=3200 =53.33 =26.67
7 % 80° 4% 80 4% 80
Quarter circle 2 80 + 572,790.224 170,666.384
Ixm Ixw
= 5026.548 = 113953 =33.953
Sum La Lax Zay
= 8226.548 =743,455.82 = 256,000.78
Zav  743,455.824 - .
o2 134084 o6 393 mm; 5= 2 256000784 _ 5 110 mm Ans,
Za 8226.548 } a 8226.548
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Solutions

Problem 7: Determine the centroid of Figure G

¥y
i
¥
1.5m
N
I
| I
| 1
I i
@ s
| @
| I
| I
| I
| SR +
L 1m
| I
I L *' P
|-—2 m—+—2m—+—4m—+1m-|
Figure G
Solution
Ceanmmponent Area, a X ¥ ax ay
: 1 2 - 1
Triangle | 3 xOx2=06 =2=133 3 xh=2 7.98 12
2 - 7.5
Rectangle 2 2x75=15 2 +2=3 R =3.75 45 56.25
Triangle 3 % ®xdx5=10 44+ ; *4=533 1+ ; *x5=2.67 53.33 26.67
5 1
Rectangle 4 5x1=5 3 +4 =065 5= 0.5 325 25
Sum Ea=36 Zar= 13881 ZEay=9742
. Zax _ 138.81 — 3856
La
Zay 9742
T=—}=3— = 2706 m

Ans.
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Problem 8
Determine the centroid of the plane shown in figure Hwith respect to base.

10mm

90mm

50mm - 50mm -
1Qmm
Figure H

Solution

10mm

90mm

50mm 50mm
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Component Area (mm?) X(mm) Y(mm) ax ay

Rectangle 1 (60) (10) 80 95 48000 57000

Rectangle 2 (10) (90) 55 45 49500 40500

Semicircle T X 502 (50) — 4’;(_50 150 113016.21 589048.63
2

Z A =5426.99

Z Ax = 210516.2

Z Ay = 293849.54

_ Ax
x= 28
YA
_ 210516.2
_ 5426.99
X =38.79 mm

_ YA
72y
YA
_293849.54
"~ 5426.99

Y =54.15 mm
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Determine the centroid for the following figures
y
20mm
R \‘Scm 5cm
8cm
g
=
(=)
e
£ £
g &
10mm
60mm
y
y
£
Q
0
£
8 £
8
X
15cm 5cm
200mm 50mm
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200mm 75mm

350mm

50mm

150mm

100mm

300mm
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